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1. Introduction 

In nonlinear sigma models, the spinless 
fields define a map from the d-dimensional 
Minkowskian space-time to some 'target space', 
whose metric is given by the kinetic terms of 
these scalars. Supersymmetry severely restricts 
the possible target-space geometries. The type 
of target space which one can obtain depends 
on d and on N, the latter indicating the num- 
ber of independent supersymmetry transforma- 
tions. The number of supersymmetry generators 
('supercharges') is thus equal to N times the di- 
mension of the (smallest) spinor representation. 
For realistic supergravity this number of super- 
charge components cannot exceed 32. As 32 is 
the number of components of a Lorentz spinor 
in d = 11 space-time dimensions, it follows that 
realistic supergravity theories can only exist for 
dimensions d < 11. For the physical d = 4 di- 
mensional space-time, one can have supergravity 
theories with 1 < < 8. 

As clearly exhibited in table 0, the more super- 
charge components one has, the more restrictions 
one finds. When the number of supercharge com- 
ponents exceeds 8, the target spaces are restricted 
to symmetric spaces. For k = 16 components, 
they are specified by an integer n, which spec- 
ifies the number of vector multiplets. This row 
continues to N — 1, d — 10. Beyond 16 super- 
charge components there is no freedom left. The 
row with 32 supercharge components continues to 
N = 1, d = 11. Here we treat the case of 8 super- 



*Ondorzoeksleider, N.F.W.O., Belgium 



charge components. This is the highest value of 
N where the target space is not yet restricted to 
be a symmetric space, although supersymmetry 
has already fixed a lot of its structure. We will 
mostly be concerned with TV = 2 in o? = 4 dimen- 
sions. The target space factorizes into a quater- 
nionic and a Kahler manifold of a particular type 
10], called special The former contains the 
scalars of the hypermultiplets (multiplets with- 
out vectors). The latter contain the scalars in 
vector multiplets. Recently the special Kahler 
structure received a lot of attention, because it 
plays an important role in string compactifica- 
tions. Also quaternionic manifolds appear in this 
context, and also here it is a restricted class of 
special quaternionic manifolds that is relevant. 
In lowest order of the string coupling constant 
these manifolds are even 'very special' Kahler and 
quaternionic, a notion that we will define below. 

In the next section we describe the actions of 
N = 2 vector multiplets. First we consider rigid 
supersymmetry. We explain the fields in the mul- 
tiplets, their description in superspace and how 
this leads to a holomorphic prepotential. Then we 
exhibit how the structure becomes more compli- 
cated in supergravity, where the space of physical 
scalars is embedded in a projective space. This 
became apparent by starting from the supercon- 
formal tensor calculus. 

In section |^ we discuss the symplectic transfor- 
mations, which play an important role in the re- 
cent developments of weak-strong coupling dual- 
ities. First we repeat the general idea (and eluci- 
date it for S and T dualities), and then show what 
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Table 1 



Restrictions on target-space manifolds according to the type of supergravity theory. The rows are arranged 
such that the number k of supercharge components is constant. M refers to a general Riemannian 
manifold, SK to 'special Kahler', VSR to 'very special real' and Q to quaternionic manifolds. 
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We briefly introduce special Kahler manifolds 
in the context of iV = 2, d = 4 supergravity. As 
exhibited in table ^, the physical multiplets of 
supersymmetry are vector and hypermultiplets, 
which can be coupled to supergravity. In this 
section we will not consider the hypermultiplets. 
The scalar sector of the N = 2 supergravity- 
Yang-Mills theory in four space-time dimensions 
defines the 'special Kahler manifolds'. Without 
supergravity we have N — 2 supersymmetric 
Yang-Mills theory, which we will treat first. The 
spinless fields parametrize then a similar type of 
Kahler manifolds. The vector potentials, which 
describe the spin-1 particles, are accompanied by 
complex scalar fields and doublets of spinor fields, 
all taking values in the Lie algebra associated with 
the group that can be gauged by the vectors. In 
the second subsection we will see what the con- 
sequences are of mixing the vectors in the vector 
multiplets with the one in the supergravity mul- 
tiplet. 



is the extra structure in = 2 theories. There 
are two kind of applications, either as isometries 
of the manifolds (symmetries of the theory), or 
as equivalence relations of prepotentials (pseudo- 
symmetries). We illustrate both with explicit 
examples. These will also exhibit formulations 
without a prepotential, showing the need for a 
formulation that does not rely on the existence of 
a prepotential. This formulation is given at the 
end of the section. Some further results will be 
mentioned in section ^. 

In all of this we confine ourselves to special ge- 
ometry from a supersymmetry/supergravity per- 
spective. The connection with the geometry of 
the moduli of Calabi-Yau spaces is treated 
in the lectures of Pietro Fre 1^ . 

2. N ^2 actions 



Table 2 

Physical fields in A^ = 2, d — A actions 
spin pure SG n vector m. s hyperm. 

2 i 
3/2 2 

1 1 n 

1/2 2n 2s 

2n 4s 



2.1. Rigid supersymmetry 

The superspace contains the anticommuting 
coordinates 6*^ and 9ai where i = 1,2 and a, a 
are the spinor indices. The simplest superfields 
are, as in A^ = 1, the chiral superfields. They are 
defined by a constraint Z)"*^ — 0, where _D" is 
a covariant chiral superspace derivative, and is 
a complex superfield. This constraint determines 
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its structure]^: 

^=x + eixt (1) 
+^^,oi<yfuO'p:F+^'' + e^pe%Y,, + . . . , 

where . . . stands for terms cubic or higher in 6. 
New component fields can appear up to 9^ , lead- 
ing to 8 + 8 complex field components. All these 
fields do not form an irreducible representation 
of supersymmetry, but can be split into two sets 
of 8 + 8 real fields transforming irreducibly. We 
restrict ourselves to the set containing the fields 
already exhibited in which leads to the vector 
multiplet (The others form a 'linear multiplet'). 
The reduction is accomplished by the additional 
constraint 

D^D^^^^e^p = Qfce.-.D^C^^^)^!. e . ^ , (2) 

which for instance implies that the symmetric 
tensor Yij satisfies a reality constraint: Yij = 
SikijeY^^, so that it consists of only 3 real 
scalar fields. But more importantly, we also ob- 
tain a constraint on the antisymmetric tensor: 
{J'l^iy — J'^iy) = 0, which is the Bianchi iden- 
tity, which implies that J- is the field strength of 
a vector potential. All the terms ... in (|l]) are 
determined in terms of the fields written down. 
Therefore the independent components of the 
vector multiplet are: , X^^ , T^^,Y^^ (where 
A = 1, ...,n denotes the possibility to include sev- 
eral multiplets). X"^ and A'"^ will describe the 
physical scalars and spinors, are the fields 
strengths of the vectors and Y^ will be auxiliary 
scalars in the actions which we will construct. 

As we have a chiral superfield, an action can be 
obtained by integrating an arbitrary holomorphic 
function F(^) over chiral superspace. The action 

J d^x J d^e F($) + c.c. (3) 

leads to the Lagrangian 

C=g^sdf.X^d^X^ + 9ab~^'^ ^Af + (4) 

+lm {FAB^f_,^^^^^) + -Cpauli + A-formi 

where the latter two terms are the couplings of the 
vector fields to the spinors and the terms quartic 

iWe use = i [t^^ ± |e^,.p<,J^'"") with e^i^S = j. 



in fermions, which we do not write explicitly here. 
The metric in target space is Kahlerian: ||] 

gAB{X,X)^dAdsK{X,X) (5) 
K{X,X)=i{FA{X)X^ - Fa{X)X^) 
FA{X)=dAF{X) ■ FA{X)=dAF{X) . 

For N = 1 the Kahler potential could have been 
arbitrary. The presence of two independent su- 
persymmetries implies that this Kahler metric, 
and even the complete action, depends on a holo- 
morphic prepotential F{X)^ where X denotes the 
complex scalar fields. Two different functions 
F{X) may correspond to equivalent equations of 
motion and to the same geometry. From the 
equation^ Qab = 2 Im Fab , it follows that 

F « F + a + qaX^ + cabX^X^ , (6) 

where a and qa are complex numbers, and cab 
rea 10. But more relations can be derived from 
the symplectic transformations that we discuss 
shortly. 

The fact that the metric is Kahlerian implies 
that only curvature components with two holo- 
morphic and two anti-holomorphic indices can be 
non-zero. In this case, these are determined by 
the third derivative of F: 

Rabcd = -FACEg^^ Ffbd ■ (7) 

2.2. Vector multiplets coupled to super- 
gravity 

The general action for vector multiplets cou- 
pled to iV = 2 supergravity was first derived us- 
ing superconformal tensor calculus [0. In that 
approach one starts from the N = 2 superconfor- 
mal group, which is 

SU{2,2\N = 2) D SU{2, 2) ® U{1) ® SU{2) . (8) 

The bosonic subgroup, which we exhibited, con- 
tains, apart from the conformal group in d = 4, 
also U{1) and SU{2) factors. The Kahlerian na- 
ture of vector multiplet couplings and the quater- 
nionic nature of hypermultiplet couplings is di- 
rectly related to the presence of these two groups. 

^Here and henceforth we use the convention where Fab- - 
denote multiple derivatives with respect to X of the holo- 
morphic prepotential. 

In supergravity, or in the full quantum theory the 
must be zero. 
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The superconformal group is, however, mainly a 
useful tool for constructing actions which have 
just super-Poincare invariance (see the reviews 
fioll). To make that transition, the dilatations, 
special conformal transformations and U{1) (E) 
SU{2) are broken by an explicit gauge fixing. The 
same applies to some extra S-supersymmetry in 
the fermionic sector. 

To describe theories as exhibited in table |[ the 
following multiplets are introduced: (other pos- 
sibilities, leading to equivalent physical theories, 
also exist. 



see 1 11 



IC 



|). The Weyl muUiplet con- 
tains the vierbein, the two gravitinos, and auxil- 
iary fields. We introduce n + 1 vector multiplets : 



with 



7 = 0,1,, 



(9) 



The extra vector multiplet labelled by / = 
contains the scalar fields which are to be gauge- 
fixed in order to break dilations and the U{1), the 
fermion to break the S'-supersymmetry, and the 
vector which corresponds to the physical vector 
of the supergravity multiplet in table |^. Finally, 
there are s + 1 hypermultiplets, one of these con- 
tains only auxiliary fields and fields used for the 
gauge fixing of SU{2). For most of this paper we 
will not discuss hypermultiplets (s = 0). 

Under dilatations the scalars transform 
with weight 1. On the other hand an action sim- 
ilar to (||) can only be constructed if F{X) has 
Weyl weight 2. This leads to the important con- 
clusion that for the coupling of vector multiplets 
to supergravity, one again starts from a holomor- 
phic prepotential F{X), this time of n+1 complex 
fields, but now it must be a homogeneous function 
of degree two 0. 

In the resulting action appears —^i{X^Fj — 
X' Fi)eR, where R is the space-time curvature. 
To have the canonical kinetic terms for the gravi- 
ton, it is therefore convenient to impose as gauge 
fixing for dilatations the condition 



i{X^Fi - FiX^) = 1 . 



(10) 



Therefore, the physical scalar fields parametrize 
an n-dimensional complex hypersurface, defined 
by the condition (p^), while the overall phase of 
the X^ is irrelevant in view of a local (chiral) in- 
variance. The embedding of this hypersurface can 
be described in terms of n complex coordinates 



by letting X^ be proportional to some holomor- 
phic sections {z) of the projective space PC"^^ 
|l^ . The bosonic part of the resulting action is 
(without gauging) 

e'^L^-lR + g^-pd^z'^d^'z^ 

-Im {Mij{z,z)T+lT+;!). (11) 

The n-dimensional space parametrized by the 
2;" (a = 1, . . . , rt) is a Kahler space; the Kahler 
metric g^p — dadpK{z, z) follows from the 
Kahler potential 



-K[z,,) = ,z\z) Fi{Z{z)) - iZ'{z) Fi{Z{z)) 



I _ K/2 yl 



X' = e 



Z\z) 



I _ K/2 yl 



X' = e 



Z\-z) 



(12) 



The resulting geometry is known as special Kahler 
geometry |l|,|[. The curvature tensor associated 
with this Kahler space satisfies the characteristic 
relation 



where 



Wa,p^=iFijK{Z{z)) 



dZ^ dZ'^ dZ^ 

dz°' dzf' dz-y 



(13) 



(14) 



A convenient choice of inhomogeneous coordi- 
nates z" are the special coordinates, defined by 



or, equivalently, 

Z"(z) = l, Z^(z) = z^ 



(15) 



(16) 



The kinetic terms of the spin-1 gauge fields in 
the action are proportional to the symmetric ten- 
sor 

xr P , ^ iMFiK)imiFjL)x^x^ 
•^" = ^" + 2* iMFkl)x^x^ — ■ 

This tensor describes the field-dependent gener- 
alization of the inverse coupling constants and so- 
called 6 parameters. 

We give here some examples of functions F{X) 
and their corresponding target spaces, which will 
be useful later on: 



F = -iX°X^ 



5'C/(1,1) 



(18) 
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F 



F = -4v/X0(Xi)3 

F = iX'rjijX-' 

^ dABcX^X^X^ 
X° 



SU{1,1) 

C/(l) 
SU{l,n) 
SU{n)^U{l) 

'very special' 



(19) 
(20) 
(21) 
(22) 



The first three functions give rise to the mani- 
fold SU{1, 1)/?7(1). However, the first one is not 
equivalent to the other two as the manifolds have 
a different value of the curvature . The latter 
two are, however, equivalent by means of a sym- 
plectic transformation as we will show below. In 
the fourth example 77 is a constant non-degenerate 
real symmetric matrix. In order that the mani- 
fold has a non-empty positivity domain, the sig- 
nature of this matrix should be (-1 — •••—). So 
not all functions F(X) allow a non-empty positiv- 
ity domain. The last example, defined by a real 
symmetric tensor (Iabc, defines a class of special 
Kahler manifolds, which we will denote as 'very 
special' Kahler manifolds. This class of manifolds 
is important in the applications discussed below. 

3. Symplectic transformations 

The symplectic transformations are a general- 
ization of the electro-magnetic duality transfor- 
mations. We first recall the general formalism for 
arbitrary actions with coupled spin-0 and spin- 
1 fields, and then come to the specific case of 
N = 2. 

3.1. Pseudo-symmetries in general 

We consider general actions of spin-1 fields with 
field strengths J-j},^ (now labelled by A = 1, m) 
coupled to scalars. The general form of the ki- 
netic terms of the spin 1 fields is 
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(Re UA^ je^^-'^Tf^^Tf^ 



= ilm (AAas^+^^+'^-^) 
We define 

dC 



(23) 



2i- 



dC 



-2z-^^Ma^T-''^^ . (24) 

The equations for the field strengths can then be 
written as 

Bianchi identities 

Equations of motion 

This set of equations is invariant 
GL{2m,TR) transformations: 

S+) ^^{g+) = ic d) [g, 



a^Im Gl\^0 



under 



(25) 



However, the G^t^ are related to the J-"^^ as in 
([24I). The previous transformation implies 

G+={C + DAf)F+ 

=(C + DN){A + BM)-^F+ . 

Therefore the new tensor N is 



(26) 



N ={C + DN){A + BNY^ 



(27) 



This tensor should be symmetric, as it is the sec- 
ond derivative of the action with respect to the 
field strength. This request leads to the equations 
which determine that S € Sp(2m,TR), i.e. 

1' 



S^flS = Q where 



C^A = Q 
- D^B = 
C^B = 1 



-1 




(28) 



Some remarks are in order: First, these transfor- 
mations act on the field strengths. They generi- 
cally rotate electric into magnetic fields and vice 
versa. Such rotations, which are called duality 
transformations, because in four space-time di- 
mensions electric and magnetic fields are dual to 
each other in the sense of Poincare duality, cannot 
be implemented on the vector potentials, at least 
not in a local way. Therefore, the use of these 
symplectic transformations is only legitimate for 
zero gauge coupling constant. From now on, we 
deal exclusively with Abelian gauge groups. Sec- 
ondly, the Lagrangian is not an invariant if G and 
B are not zero: 



Im T+^G+A = Im {T+G+) 

+Im {2T+{G'^B)G++T+{G'^A)T+ 

+G+iD^B)G+) . 



(29) 
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and the vector 



of magnetic and electric 



If C 7^ 0, B = it is invariant up to a four- 
divergence. Thirdly, the transformations can also 
act on dyonic solutions of the field equations 

charges transforms also as a symplectic vector. 
The Schwinger-Zwanziger quantization condition 
restricts these charges to a lattice with minimal 
surface area proportional to h. Invariance of this 
lattice restricts the symplectic transformations to 
a discrete subgroup: 



S e Sp{2m, TL) 



(30) 



Finally, the transformations with _B 7^ will be 
non-perturbative. This can be seen from the fact 
that they do not leave the purely electric charges 
invariant, or from the fact that (|2^) shows that 
these transformations invert TV which plays the 
role of the gauge coupling constant. 

3.2. Pseudo symmetries and proper sym- 
metries 

The transformations described above, change 
the matrix A/", which are gauge coupling constants 
of the spin-1 fields. This can be compared to dif- 
fcomorphisms of the scalar manifold z — > z(z) 
which change the metric (which is the coupling 
constant matrix for the kinetic energies of the 
scalars) and N: 



7a/3(^(2)) 



dz^ 
dz^ dz^ 



g^s{z) ]M{z{z))=M{z) . 



Both these diffeomorphisms and symplec- 
tic reparametrizations are 'Pseudo-symmetries': 



D 



pseudo 



= DiffiM) X 5p(2m,IR) 



(31) 



They leave the action form invariant, but change 
the coupling constants and are thus not invari- 
ances of the action. 

If gafiiz) = gafsiz) then the diffeomorphisms 
become isometries of the manifold, and proper 
symmetries of the scalar action. If these isome- 
tries are combined with symplectic transforma- 
tions such that 



Af{z)=J^{z) 



(32) 



then this is a proper symmetry. These are invari- 
ances of the equations of motion (but not neces- 
sarily of the action as not all transformations can 
be implemented locally on the gauge fields). To 
extend the full group of isometries of the scalar 
manifold to proper symmetries, one thus has to 
embed this isometry group in Sp(2m; H), and ar- 
rives at the following situation: 

Dprop = Iso{M) C Iso{M) X Iso{M) C Dpseudo 

Let us illustrate how S and T dualities, treated 
in Sen's lectures ||l^], fit in this scheme as proper 
symmetries. The action he treats occurs in TV = 4 
supergravity. The scalars are A = Ai -I- iX2 and 
a symmetric matrix M, satisfying MrjM — rj^^ 
where 77 = 77^ is the metric of 0(6, 22). Their cou- 
pling to the spin-1 fields is encoded in the matrix 



TV = Air/ + i\2r/Mr] 



(33) 



The transformations on the scalars should lead to 
(^) with ( psi) . Let us first consider this for the T 
dualities. These are transformations of 0(6,22): 



M ^ AMA^ 



(34) 



(A is invariant) where rj = A^r]A. This leads to 
TV = {A^y^N'A~\ which is of the form (H), 

identifying D — [A^^ ^. The matrices C and B 
are zero, which indicates that these symmetries 
are realised perturbatively. 

For the S dualities, M is invariant. These 
transformations are determined by the integers 
s, r, q,p such that sp ~ qr = 1: 

pX + q 



= sT^ 



rrf^MT^ 



A = 



'A + s 



This leads to TV = (pTV + q{])(rr\ W + s), which 
is of the required form upon the identification 



S = 



(35) 



sll rr\ ^ 
qrj p\ 

Now, B and C are non-zero, which shows the non- 
perturbative aspect of the S'-duality. 



3.3. Symplectic transformations in TV = 2 

In TV = 2 the tensor TV is determined by the 
function F as explained in section ^j. The defini- 
tions of TV in rigid and local supersymmetry can 
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V = 



(37) 



be written in a clarifying way as follows^ 

rigid SUSY SUGRA 

dcFA = NABdcX'' d^Fi = Nijd^X-' (36) 

Fi = NijX-' 

From this definition it is easy to see that M trans- 
forms in the appropriate way if we define 

Fa) \Fi 
dcX^\ _ fda^X^' 

OcFa y " I do.Fi 

(and their complex conjugates) as symplectic vec- 
tors in the two cases. They thus transform as in 
(p5|). With this identification in mind, we can re- 
consider the kinetic terms of the scalars. Then it 
is clear that the Kahler potentials (^ and (p^, 
and the constraint ( p^ are symplectic invariants. 
This will lead to a new formulation of special ge- 
ometry in section ^7^ . 

When we start from a prepotential F{X), the 
Fj are the derivatives^ of F. The expression 
X' = A' jX-^ + B"Fj{X) expresses the depen- 
dence of the new coordinates X on the old coor- 
dinates X . If this transformation is invertible ^, 
the Fj are again the derivatives of an new func- 
tion F{X) of the new coordinates, 



FiiX) 



dPjX) 
dX' 



(38) 



The integrability condition which implies this 
statement is equivalent to the condition that S 
is a symplectic matrix. In the supergravity case, 
one can obtain F due to the homogeneity: 



l.^rfC^A C^B 



V 



(39) 



nx{X)) = -V^ ^ 

"^For the rigid case, here d^X^ = S^, but this definition 
is also apphcable when we take derivatives w.r.t. arbi- 
trary coordinates z"(X). For the local case one regards 
{d^Fj, F/) as an n -I- 1 by n -f 1 matrix to see how this 
defines the matrix Af. 

^The remarks below are written with indices /, J as in 
the supergravity case, but can be applied as well in rigid 
supersymmetry replacing these indices by A, B. 
^The full symplectic matrix is always invertible, but this 
part may not be. In rigid supersymmetry, the invertibility 
of this transformation is necessary for the invertibility of 
Af, but in supergravity we may have that the do not 
form an independent set, and then _F can not be defined. 
See below. 



Hence we obtain a new formulation of the theory, 
and thus of the target-space manifold, in terms of 
the function F. 

We have to distinguish two situations: 

1. The function F{X) is different from F{X), 
even taking into account (^). In that case the two 
functions describe equivalent classical field theo- 
ries. We have a pseudo symmetry. These trans- 
formations are called symplectic reparametriza- 
tions [|j . Hence we may find a variety of descrip- 
tions of the same theory in terms of different func- 
tions F. 

2. If a symplectic transformation leads to the 
same function F (again up to (^)), then we are 
dealing with a proper symmetry. As explained 
above, this invariance reflects itself in an isom- 
etry of the target-space manifold. Henceforth 
these symmetries are called 'duality symmetries', 
as they are generically accompanied by duality 
transformations on the field equations and the 
Bianchi identities. The question remains whether 
the duality symmetries comprise all the isome- 
trics of the target space, i.e. whether 



Lso{M) C Sp{2{n+1),TR) 



(40) 



We investigated this question in for the very 
special Kahler manifolds, and found that in that 
case one does obtain the complete set of isome- 
trics from the symplectic transformations. For 
generic special Kahler manifolds no isometries 
have been found that are not induced by sym- 
plectic transformations, but on the other hand 
there is no proof that these do not exist. 

3.4. Examples (in supergravity) 

We present here some examples of symplectic 
reparametrizations and duality symmetries in the 
context of iV = 2 supergravity. First consider 
(|lS|). If we apply the symplectic transformation 



S = 



A B 
C D 



/I 






















1/3 





1 





-3 









(41) 



one arrives, using (|39D, at (pOD. So this is a sym- 
plectic reparametrization, and shows the equiva- 
lence of the two forms of F as announced above. 
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5 = 



On the other hand consider 

1 + 3e 
A 






(42) 



for infinitesimal e,/i, A. Then F is invariant. On 
the scalar field z — X^/X'^\ the transformations 
act as 



Sz = X — 2ez — 



(43) 



They form an 5(7(1,1) isometry group of the 
scalar manifold. The domain were the metric is 
positive definite is Im z > 0. This shows the iden- 
tification of the manifold as the coset space in 

di), @- 

As a second example, consider ([l8|). Using 
( [TtI ) one obtains the matrix A/" which determines 
(again with z = X^/X°) 



(44) 



This appears also in pure = 4 supergravity in 
the so-called '5*0(4) formulation' [Q. Consider 
now the symplectic mapping |19|| 



S = 



•10 



1 

>0 1 



leading to the transformations 



X^ = -Fi = iX° 



Fq — Fq Fi — X 



(45) 



(46) 
(47) 



This is an example where the transformation be- 



tween X and X is not invertible. Using (39), we 
obtain F = 0. However, A + BAf is invertible, 
and we can compute N using (|2^), leading to 



^Ci = -iRe 



F 



(48) 



(We performed here a symplectic transformation, 
but no diffeomorphism. We are still using the 
same variable z). This is the form familiar from 
the '5(7(4) formulation' of pure A = 4 supergrav- 
ity This shows that there are formulations 
which can not be obtained directly from a super- 
space action. 



In the final example, we will show that this 
particular formulation can be the most useful one. 
For that we consider the manifold 

^^(^'1) ^ ^Q(-'^) (49) 
(7(1) SO{r) ® 50(2) ' ^ ' 

This is the only special Kahler manifold which is 
a product of two factors [Q. Therefore it ap- 
pears in string theory where the first factor con- 
tains the dilaton-axion. The first formulation of 
this class of manifolds used a function F of the 
type (H): F[X) = -^X^X^^X^u where r^rt 
is the constant diagonal metric with signature 
(+, —,...,—) [ p^ . In this parametrization only 
an 50(r — 1) subgroup of 50(r, 2) is linearly real- 
ized (residing in A and D of ( p5| ) ) . From a string 
compactification point of view one does not ex- 
pect this. The full 50(r, 2) should be a pertur- 
bative symmetry, as it is realized in the A^ = 4 
theory described by Sen [^,0 . In the search for 
better parametrizations, by means of a symplec- 
tic reparametrization a function F of the square 
root type was discussed in which has SOir) 
linearly realized. However, the solution was found 
in jl^] , and was not based on a function F at all. 
The symplectic vector V contains then 

Fi^S^jX^ , (50) 

where 5 is one of the coordinates (represent- 
ing the first factor of (|49|)), and the X^ satisfy 
the constraint X^ -qu X^ ^ 0, where rju is the 
50(2, r) metric. For additional details on this 
example, see also |24j, where the perturbative 
corrections to the vector multiplet couplings are 
considered in the context of the A = 2 heterotic 
string vacua. This important example shows that 
under certain circumstances one needs a formu- 
lation that does not rely on the existence of a 
fimction F . 

3.5. Coordinate independent description 

We want to be able to use more general co- 
ordinates than the special ones which appeared 
naturally in the superspace approach, and also to 
set up a formulation of the theory in which the 
symplectic structure is evident. First we will for- 
mulate this for the rigid case p5| ]. 

We start by introducing the symplectic vec- 
tor V e C?", as in (pH), where now the Fa are 
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no longer the derivative of a function F, but n 
independent components. Then consider func- 
tions V{z), parametrized by n coordinates z°' 
{a = l,...,n), which will be the coordinates on 
the special manifold. The choice of special coordi- 
nates introduced before, corresponds to X'^{z) = 
z", Fa{z) = By taking now deriva- 

tives with respect to z" one obtains Ua analogous 
to the Ua in @. 

We define as metric on the special manifold 



(51) 



where we introduced a symplectic inner product 
{V, W) = V^^W. The constraints which define 
the rigid special geometry can be formulated on 
the 2n x 2n matrix 



V 



dcFA 



This matrix should satisfy V^IV^ 



(52) 



-ifi and 



with 



Ca(3f 





for a symmetric Cap-y (being Fabc hi special co- 
ordinates); and I? contains the Levi-Civita con- 
nection. The integrability condition of this con- 
straint then implies the form of the curvature: 
Ra0-,S = -CaieCpseg"" (compare this with (0)). 
The formulation can even be simplified in terms 
of a vielbein = daX^ (being the unit ma- 
trix in special coordinates). Then the connection 
r^^^ = e^i9/3e„ is flat, and there are holomorphic 
constraints 



V = 



Bo^Fa 



with 



-rf! 



a/37 



For Supergravity a similar definition of spe- 
cial geometry is possible. This formulation was 
first given in the context of a treatment of the 
moduli space of Calabi-Yau three-folds 
The particular way in which we present it here 
is explained in more detail in |p6|| . Now the sym- 
plectic vectors have 2(n -I- 1) components. We 
first impose the constraint (p!o|), which is written 
in a symplectic way as {V , V) = V^^VlV = —i. 



Then we define n holomorphic symplectic sec- 
tions, parametrized by z" , which are proportional 
to V: 



V{z,z) = e2 



Kiz.z) 



v{z) 



(53) 



and the proportionality constant defines the 
Kahler potential. These equations are then in- 
variant under 'Kahler transformations' 

v{z) ef^'K{z) 
K{z,z)^K(z,z)~f{z)-J{z) 

y ^e^(/W--''(^"))y. (54) 

for which daK and daK play the role of connec- 
tions. Then special geometry is defined, using^ 
Ua = 'DaV , with one additional constraint: 



(C/„,C//3) =0 



(55) 



Usually the Fi{z) are functions which depend on 
X-'{z). Then one has F/ = djF^ and the scaling 
symmetry implies that is a holomorphic func- 
tion homogeneous of 2nd degree in X^ . But e.g. 
with ( |50| ) this is not the case. 

To make contact with the Picard-Fuchs equa- 
tions in Calabi-Yau manifolds, a similar formula- 
tion as for the rigid case is useful. This is obtained 
by defining the (2n -I- 2) x {2n + 2) matrix 



V 




(56) 



which satisfies V Vl V"^ — ifl. One then introduces 
a connection such that the constraints are IBTII 



VaV^AaV, 
with e.g. Aa — 



VaV^AaV. 

<52\ 

(5f 



\0 Capj Oj 

The integrability conditions lead to the curvature 
tensor 



(57) 
(58) 



(59) 



^Tho connection contains now the Levi— Civita one 
and the Kahler connection related to (p^j): VaX = 
(9a + ^(dc^K)) X. 
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4. Further results and conclusions 
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cial Kahler manifolds to a subclass of the quater- 
nionic manifolds, which are then called special 
quaternionic. As already mentioned, a subclass 
of special manifolds are the 'very special' ones. 
These can be obtained from dimensional reduc- 
tion of actions in 5 dimensions, characterised by 
a symmetric tensor cIabc This mapping is 

called the r map |2^, and the manifolds in the 
5-dimensional theory are called 'very special real' 
manifolds. These concepts were very useful in 
the classification of homogeneous and sym- 
metric jlj] special manifolds. It turned out that 
homogeneous special manifolds are in one-to-one 
correspondence to realizations of real Clifford al- 
gebras with signature (g -I- 1, 1) for real, {q -f 2, 2) 
for Kahler, and (g -I- 3, 3) for quaternionic mani- 
folds. A study of the full set of isometries could 
be done systematically in these models . All this 
has been summarised in p6t . 

For string theory the implications of special ge- 
ometry in the rigid theories for the moduli spaces 
of Riemann surfaces [ p5| , and in the supergrav- 
ity theories for Calabi-Yau spaces (^-0] is ex- 
tremely useful for obtaining non-perturbative re- 
suhs For these results we refer to g 

and to ]32|, where many more aspects of special 
manifolds in the context of topological theories, 
Landau-Ginzburg theories, etc. are discussed. 

Acknowledgements 

This review is a result of many collaborations. 
We want to thank all our collaborators and es- 
pecially Sergio Ferrara, Anna Ceresole, Riccardo 
D'Auria, Pietro Fre, Marco Billo and Paolo Sori- 
ani. 

This work was carried out in the framework 
of the project "Gauge theories, applied super- 
symmetry and quantum gravity", contract SCl- 
CT92-0789 of the European Economic Commu- 
nity. 



1. B. de Wit, P.G. Lauwers, R. Philippe, Su S.- 
Q. and A. Van Proeyen, Phys. Lett. 134B 
(1984) 37; 

B. de Wit and A. Van Proeyen, Nucl. Phys. 
B245 (1984) 89. 

2. A. Strominger, Commun. Math. Phys. 133 
(1990) 163. 

3. N. Seiberg, Nucl. Phys. B303 (1988) 286. 

4. S. Cecotti, S. Ferrara and L. Girardello, Int. 
J. Mod. Phys. A4 (1989) 2457. 

5. S. Ferrara and A. Strominger, in Strings 
'89, eds. R. Arnowitt, R. Bryan, M.J. Duff, 
D.V. Nanopoulos and C.N. Pope (World Sci- 
entific, 1989), p. 245. 

6. L.J. Dixon, V.S. Kaplunovsky and J. Louis, 
Nucl. Phys. B329 (1990) 27. 

7. P. Candelas and X. C. de la Ossa, Nucl. Phys. 
B355 (1991) 455, 

P. Candelas, X. C. de la Ossa, P. Green 
and L. Parkes, Phys. Lett. 258B (1991) 118; 
Nucl. Phys. B359 (1991) 21. 

8. P. Fre, contribution to these proceedings. 

9. G. Sierra and P.K. Townsend, in Supersym- 
metry and Supergravity 1983, ed. B. Milewski 
(World Scientific, Singapore, 1983); 

S. J. Gates, Nucl. Phys. B238 (1984) 349. 

10. B. de Wit, in Supergravity '81, eds. S. Fer- 
rara and J.G. Taylor (Cambridge Univ. Press, 
1982); 

A. Van Proeyen, in Supersymmetry and Su- 
pergravity 1983, ed. B. Milewski (World Sci- 
entific, Singapore, 1983). 

11. B. de Wit, P. Lauwers and A. Van Proeyen, 
Nucl. Phys. B255 (1985) 569. 

12. L. Castellani, R. D' Auria and S. Ferrara, 
Phys. Lett. B241 (1990) 57; Cl.Q. Grav. 7 
(1990) 1767, 

R. D'Auria, S. Ferrara and P. Fre, Nucl. Phys. 
B359 (1991) 705. 

13. E. Cremmer, C. Kounnas, A. Van Proeyen, 
J. P. Derendinger, S. Ferrara, B. de Wit and 
L. Girardello, Nucl. Phys. B250 (1985) 385. 

14. E. Cremmer and A. Van Proeyen, Class. 
Quantum Grav. 2 (1985) 445. 

15. CM. Hull and A. Van Proeyen, Phys. Lett. 



B351 (1995) 188, liep-th/9503022 



11 



16. A. Sen, contribution to these proceedings. 

17. B. de Wit and A. Van Proeyen, Phys. Lett. 
B293 (1992) 94. 

18. A. Das, Phys. Rev. D15, 2805 (1977); E. 
Cremmer, J. Scherk and S. Ferrara, Phys. 
Lett. 68B, 234 (1977); E. Cremmer and J. 
Scherk, Nucl. Phys. B127, 259 (1977). 

19. A. Ceresole, R. D'Auria, S. Ferrara and A. 
Van Proeyen, Nucl. Phys. B444 (1995) 92, 



hep-th/9502072 



20. E. Cremmer, J. Scherk and S. Ferrara Phys. 
Lett. 74B, 61 (1978). 

21. S. Ferrara and A. Van Proeyen, Class. Quan- 
tum Grav. 6 (1989) 124. 

22. A. Sen, Nucl. Phys. B388 (1992) 457 and 
Phys. Lett. B303 (1993) 22; 

A. Sen and J. H. Schwarz, Nucl. Phys. B411 
(1994) 35; Phys. Lett. B312 (1993) 105. 

23. P. Fre and P. Soriani, Nucl. Phys. B371 
(1992) 659; 

S. Ferrara, P. Fre and P. Soriani, Class. Quan- 
tum Grav. 9 (1992) 1649. 

24. B. de Wit, V Kaplunovsky, J. Louis and D. 
Liist, Nucl. Phys. B451 (1995) 53. 

25. A. Ceresole, R. D'Auri a and S. Ferrara, Phys. 
Lett. B339 (1994) 71, |hcp-th/9408036 . 

26. B. de Wit and A. Van Proeyen, Isometries 
of special manifolds, to be published in the 
proceedings of the Meeting on Quaternionic 
Structures in Mathematics and Physics, Tri- 
este, September 1994, preprint THU-95/13, 
KUL-TF-95/13, |hep-th/9505097[ 

27. A. Ceresole, R. D'Auria, S. Ferrara, W. 
Lerche and J. Louis, Int. J. Mod. Phys. AS 



(1993) 79, hep-th/9204035 



28. M. Giinaydin, G. Sierra and P.K. Townsend, 
Phys. Lett. B133 (1983) 72; Nucl. Phys. 
B242 (1984) 244, B253 (1985) 573. 

29. B. de Wit, F. Vanderseypen and A. Van 
Proeyen, Nucl. Phys. B400 (1993) 463. 

30. B. de Wit and A. Van Proeyen, Com- 
mun. Math. Phys. 149 (1992) 307. 

31. N. Seiberg and E. Witten, Nucl. Phys. B426 
(1994) 19; B431 (1994) 484. 

32. P. Fre and P. Soriani, "The N=2 Wonder- 
land: from Calabi-Yau manifolds to topolog- 
ical field theories". World Scientific, Singa- 
pore, 1995. 



